Will Murray’s Probability, XXXIV. Sampling from a Normal Population

XXXIV. Sampling from a Normal
Population

Setting

« We have a population of stuff, e.g. students
of different heights.

» The population has a mean p and variance
2

o°.

« We will take samples: Y; := height of one
student. Y5 := height of another, and so on.
Y, := height of last sample student.

Assumptions and Notation

+ Assumption forever: Our samples are
independent.

+ We say the Y, are independent identically
distributed (i.i.d.) random variables.

» Assumption for this lecture only: The
population is normally distributed.

+ Notation: We say Y; ~ N (% 02).

The Sample Mean

« Statistic we’ll study: The sample mean

— 1
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« Theorem: Suppose Y; ~ N (i, 0?). Then

— o2

Y ~N Hy —
n
« That is, Y is normally distributed with
2

. g
mean and variance —.
n

Standard Normal Distribution

Second dccu;i place of z
z 00 .01 .02 .03 04 05 .06 .07 .08 .09

0.0 .5000 4960 4920 4880 4840 4801 4761 4721 4681 4641
0.1 4602 4562 4522 4483 4443 4404 4364 4325 4286 4247
02 4207 4168 4129 4090 4052 4013 3974 3936 3897 3859
0.3 3821 3783 3745 3707 3669 3632 3594 3557 3520 .3483
04 3446 3409 3372 3336 3300 3264 3228 3192 3156 3121

0.5 3085 .3050 .3015 .2981 .2946 2912 2877 .2843 .2810 .2776
0.6 2743 2709 2676 2643 2611 2578 2546 2514 2483 2451
0.7 2420 2389 2358 2327 2296 2266 2236 2206 .2177 2148
0.8 2119 2090 2061 .2033 2005 .1977 .1949 1922 1894 1867
0.9 1841 814 1788 1762 1736 1711 1685 .1660 .1635 .16l

1.0 1587  .1562 1539 (1515 1492 1469 1446 1423 1401 1379
1.1 1357 1335 314 1292 1271 1251 (1230 .1210 .1190 .1170
1.2 .1151 1131 A112 1093 1075 (1056 (1038 1020 .1003  .0985
1.3 0968 0951 0934 0918 .0901 .0885 .0869 .0853 .0838 .0823
1.4 0808  .0793 0778 0764 .0749 0735 0722 .0708 .0694 0681

1.5 0668  .0655 0643 0630  .0618 0606 .0594 .0582 .0571 0559
1.6 0548  .0537 0526 0516 0505 0495 0485 .0475 0465 0455
1.7 0446 0436  .0427 0418 .0409 0401 0392 .0384 0375 .0367
1.8 .0359 .0352 .0344 0336 .0329 0322 0314 .0307 .0301 .02%4
1.9 0287  .0281 0274 0268 0262 0256 0250 .0244 0239 0233

2.0 0228 .0222 0217 .0212 .0207 .0202 .0197 .0192 .0188 .0183

Converting to Standard Normal

« Recall: If Y is normal, then

Y — mean

"~ Standard deviation
is standard normal, that is, Z ~ N(0,1).
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» Corollary to Theorem:

_ V(Y —n)

g

~ N(0,1)

+ So we can use charts to find probabilities for
Z and then work back to find them for Y.

Example I

Heights of students are normally distributed with
a standard deviation of 4 inches. You measure the
heights of 9 students. What is the probability that
their mean is within 2 inches of the (unknown)
global mean?

3(Y —
n =9, p = unknown, o = 4. Z:z%is
standard normal.
_ 3(Y —
¥V —p| <2iff 'u‘ <15

4

From the table on page 848, P(Z > 1.5) ~ 0.0668.
[Graph the normal curve and shade the tail.]

P(Z <-150r Z>15) = 2%0.0668 = 0.1336
P(-15<Z<15) ~ 1-0.1336 = 0.8664 ~
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Second decimal place of z
z 00 .01 02 .03 04 05 .06 07 .08 .09

0.0 5000 4960 4920 4880 4840 4801 4761 4721 4681 4641
0.1 4602 4562 4522 4483 4443 4404 4364 4325 4286 4247
0.2 4207 4168 4129 4090 4052 4013 3974 3936 3897 3859
0.3 3821 3783 3745 3707 3669 3632 3594 3557 3520 3483
04 3446 3409 3372 3336 3300 3264 3228 3192 3156 3121

0.5 3085 3050 3015 2981 2946 2912 2877 2843 2810 .2776
0.6 2743 2709 2676 2643 2611 2578 2546 2514 2483 245
0.7 2420 2389 2358 2327 2296 2266 .2236 2206 .2177 2148
0.8 2119 2090 2061 2033 2005 .1977 .1949 1922 1894 .1867

0.9 .1841 814 1788 1762 1736 1711 .1685 1660 .1635 .1611
1.0 1587  .1562 1539 (1515 .1492 1469  .1446 .1423 .1401 .1379
1.1 1357 1335 A314 1292 1271 1251 (1230 .1210 .1190 .1170
1.2 .1151 1131 1120 1093 1075 1056 1038 1020 .1003  .0985

1.3 .0968  .0951 0934 0918  .0901 .0885 .0869 .0853 0838 .0823
1.4 0808 .0793 0778 0764 .0749 0735 .0722 .0708 .0694 .0681

1.5 0668  .0655 0643 0630 .0618 0606 0594 0582 0571 .0559
1.6 0548  .0537 0526 0516  .0505 0495 .0485 .0475 .0465 .0455
1.7 0446 0436 .0427 0418 .0409 0401 0392 .0384 0375 .0367
1.8 .0359 .0352 .0344 0336 .0329 .0322 .0314 .0307 .0301 .0294
1.9 0287  .028] 0274 0268 0262 0256 0250 .0244 0239 0233

2.0 0228 0222 0217 0212 .0207 .0202 .0197 .0192 0188 .0183

Example 11

Let Yi,...,Y, be iid. variables, with Y; ~
N (p,0%). If 0> = 64 and n = 36, find the
probability that Y is within one unit of . What
happens to this probability as n — oo?

Y —u Y—pn 3 -
R =7V =n)
Vo<1 it 2V pl<?

P ~ 1-2(0.2266) = 1 — 0.4532 = 0.5468 ~ 55% |

Thisas n — 00.
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Second decimal place of z
2 00 .01 02 .03 .04 .05 .06 .07 .08 .09

0.0 5000 4960 4920 4880 4840 4801 4761 4721 4681 4641
0.1 4602 4562 4522 4483 4443 4404 4364 4325 4286 4247
0.2 4207 4168 4129 4090 4052 4013 3974 3936 .3897 3859
0.3 3821 3783 3745 3707 3669 3632 3594 3557 3520 3483
0.4 3446 3409 3372 3336 3300 3264 3228 3192 3156 3121

0.5 3085 3050 3015 2981 2946 2912 2877 2843 2810 .2776
0.6 2743 2709 2676 2643 2611 2578 2546 2514 2483 2451
07 2420 2389 2358 2327 2296 2266 2236 2206 2177 2148
0.8 2119 2090 .2061 2033 .2005 .1977 .1949 1922 .18%4 .1867

0.9 .1841 814 1788 1762 (1736 1711 1685 1660 .1635 .1611
1.0 1587  .1562 1539 (1515 1492 1469 (1446 1423 1401 1379
1.1 1357 1335 JA314 1292 1291 1251 (1230 1210 (1190 1170
1.2 1151 1131 A112 01093 1075 1056 1038  .1020 .1003  .0985
1.3 .0968  .0951 0934 0918  .0901 .0885 .0869 .0853 0838 .0823

1.4 0808 .0793 .0778 0764 .0749 0735 .0722 .0708 .0694 .0681

1.5 .0668  .0655 0643 0630 0618 0606 0594 0582 0571 0559
1.6 0548 .0537 .0526 .0516 .0505 .0495 .0485 .0475 .0465 0455
1.7 0446 0436 .0427 .0418 .0409 0401 0392 .0384 0375 .0367
1.8 .0359 0352 .0344 0336 .0329 0322 0314 .0307 .0301 .0294
1.9 0287  .0281 0274 0268 0262 .0256 .0250 .0244 0239 .0233

2.0 0228 .0222 0217 .0212 .0207 .0202 0197 .0192 0188 .0183

Example III

Students at a university have taken an average
of 70 units, with a standard deviation of 20
units. Assuming this distribution is normal, if you
sample 9 students, what is the chance that their
average unit total is between 67 and 73 units?
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We want P (|?— ,u| < 3). We know

Vi (¥ - 1)

Z = . ~ N(0,1).
Vn=3,0=20
Y —p| < 3
3[Y — g 3-3
T S o 0B

P(Z >045) = 0.3264
P(—0.45 < Z < 0.45) = 1—2(0.3264) =1 — 0.6528 = 0.3472 ~ 35% |

Second decimal place of z
z 00 .01 .02 .03 .04 05 .06 .07 .08 .09

0.0 5000 4960 4920 4880 4840 4801 4761 4721 4681 4641
0.1 4602 4562 4522 4483 4443 4404 4364 4325 4286 4247
0.2 4207 4168 4129 4090 4052 4013 3974 3936 3897 3859
0.3 3821 3783 3745 3707 3669 3632 3594 3557 3520 3483
0.4 3446 3409 3372 3336 3300 3264 3228 3192 3156 3121

0.5 3085 .3050 3015 2981 .2946 2912 2877 2843 2810 2776
0.6 2743 2709 2676 2643 2611 2578 2546 2514 2483 2451
0.7 2420 2389 2358 2327 2296 2266 .2236 2206 2177 2148
0.8 2119 2090 2061 2033 2005 .1977 .1949 1922 1894 .1867
0.9 .1841 1814 1788 1762 .1736 1711 1685 1660 .1635 .1611

1.0 1587  .1562 1539 1515 1492 1469 (1446 1423 1401 1379
1.1 1357 1335 JA314 0 1292 1271 1251 (1230 1210 (1190 1170
1.2 1151 1131 A112 0 1093 1075 (1056 1038 1020 .1003  .0985
1.3 .0968  .0951 0934 0918 0901 .0885 .0869 .0853 .0838 .0823
1.4 0808  .0793 0778 0764 0749 0735 0722 0708 .0694 0681

1.5 0668 .0655 0643 0630 .0618 0606 .0594 .0582 .0571 .0559
1.6 0548  .0537 0526 0516 .0505 .0495 0485 .0475 0465 0455
1.7 046 0436 .0427 0418 0409 0401 .0392 .0384 .0375 .0367
1.8 .0359 .0352 0344 0336 .0329 .0322 .0314 .0307 .0301 .0294
1.9 .0287 .0281 0274 0268 0262 0256 .0250 .0244 0239 .0233

20 0228 0222 0217 .0212 .0207 .0202 .0197 .0192 0188 .0183
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Example IV

Six samples are taken from a normally distributed
population with variance 0.67. What is the
probability that the sample mean will be within
0.5 units of the population mean?

We want P (‘7 — ,u’ < 0.5). We know

Z = ﬁ(z_“) ~ N(0,1).
Y —p| < 05

V6 Y — V605 3
V0.67 = e = V9(05) = 2

P(Z>15) = 0.0668
P(-15< Z <15) = 1—2(0.0668) =1 —0.1336 = |0.8664 ~ 87%]




Will Murray’s Probability, XXXIV. Sampling from a Normal Population 8

Second decimal place of z
z 00 .01 02 .03 .04 05 .06 07 .08 .09

0.0 5000 4960 4920 4880 4840 4801 4761 4721 4681 4641
0.1 4602 4562 4522 4483 4443 4404 4364 4325 4286 4247
0.2 4207 4168 4129 4090 4052 4013 3974 3936 3897 3859
0.3 3821 3783 3745 3707 3669 3632 3594 3557 3320 3483
04 3446 3409 3372 3336 3300 3264 3228 3192 3156 3121

0.5 3085 3050 3015 2981 2946 2912 2877 2843 2810 .2776
0.6 2743 2709 2676 2643 2611 2578 2546 2514 2483 2451
0.7 2420 2389 2358 2327 2296 2266 .2236 2206 .2177 2148
0.8 2119 2090 2061 2033 2005 .1977 .1949 1922 1894 .1867

0.9 .1841 814 1788 1762 1736 1711 .1685 1660 .1635 .1611
1.0 1587  .1562 1539 (1515 .1492 1469  .1446 .1423 .1401 .1379
1.1 1357 1335 A314 1292 1271 1251 (1230 .1210 .1190 .1170
1.2 .1151 1131 1120 1093 1075 1056 1038 1020 .1003  .0985

1.3 .0968  .0951 0934 0918  .0901 .0885 .0869 .0853 0838 .0823
1.4 0808 .0793 0778 0764 .0749 0735 .0722 .0708 .0694 .0681

1.5 0668  .0655 0643 0630 .0618 0606 0594 0582 0571 .0559
1.6 0548 .0537 .0526 .0516 .0505 .0495 .0485 .0475 .0465 .0455
1.7 0446 0436 .0427 0418 .0409 0401 0392 .0384 0375 .0367
1.8 .0359 .0352 .0344 0336 .0329 .0322 .0314 .0307 .0301 .0294
1.9 0287  .028] 0274 0268 0262 0256 0250 .0244 0239 0233

2.0 0228 0222 0217 0212 .0207 .0202 .0197 .0192 0188 .0183

Example V

As in Example IV, we plan to sample a normally
distributed population with variance 0.67. We
want to ensure that our sample mean will be
within 0.5 units of the population mean with
probability 95%. How many samples should we
take?
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We want P (!7 — ,u! < 0.5) = 0.95. We know

Vi (¥ - 1)

g

7 = ~ N(0,1).

Draw the normal curve. We want 95% of the area
in the middle, so we want the outer area to be

1-0.95
= 0.025. This corresponds by the chart
to Z = 1.96.

Y —p| < 05
|\/ﬁ(?—ﬂ) 0.5y/n

g

IN

0.5y/n
0.5y/n

IN

|Z]

9

1.96

1.960

0.5
3.920

(3.92) (m)

IN

IN

BN

IN

(3.92) (\/W)]Q ~ 10.296

v

n

I
=]
—_

n
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Second decimal place of z
z 00 .01 02 .03 .04 .05 .06 07 .08 .09

0.0 5000 4960 4920 4880 4840 4801 4761 4721 4681 4641
0.1 4602 4562 4522 4483 4443 4404 4364 4325 4280 4247
0.2 4207 4168 4129 4090 4052 4013 3974 3936 3897 3859
03 3821 3783 3745 3707 3669 3632 3594 3557 3520 3483
04 3446 3409 3372 3336 3300 3264 3228 3192 3156 3121

0.5 3085 3050 3015 2981 2946 .2912 2877 2843 .2810 2776
0.6 2743 2709 2676 2643 2611 2578 2546 2514 2483 2451
07 2420 2389 2358 2327 2296 2266 .2236 2206 2177 2148
0.8 2119 2090 2061 .2033 2005 .1977 .1949 1922 .1894 .1867
0.9 1841 814 1788 1762 (1736 1711 1685 1660 .1635 .1611

1.0 1587 1562  .1539 .1515 .1492 1469 .1446 .1423 .1401 .1379
1.1 1357 1335 1314 1292 1271 1251 .1230 .1210 .1190 .1170
1.2 .1151 1131 112010931075 1056 1038 1020  .1003  .0985
1.3 0968 0951 .0934 0918 .0901 .0885 .0869 .0853 .08B38 0823
14 0808 0793 0778 0764 .0749 0735 .0722 .0708 .0694 .0681

1.5 0668 .0655 0643 0630 .0618 0606 .0594 .0582 .0571 .0559
1.6 0548 0537 .0526 0516 .0505 .0495 .0485 .0475 .0465 .0455
1.7 0446 0436 0427 0418 0409 0401 0392 .0384 0375 .0367
1.8 0359 .0352 0344 0336 .0329 .0322 0314 .0307 .0301 .0294
1.9 0287  .0281 0274 0268 0262 0256 .0250 .0244 0239 .0233

2.0 0228 0222 0217 0212 .0207 .0202 .0197 .0192 0188 .0183




