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XXXIV. Sampling from a Normal
Population

Setting

• We have a population of stuff, e.g. students
of different heights.

• The population has a mean µ and variance
σ2.

• We will take samples: Y1 := height of one
student. Y2 := height of another, and so on.
Yn := height of last sample student.

Assumptions and Notation

• Assumption forever: Our samples are
independent.

• We say the Yi are independent identically
distributed (i.i.d.) random variables.

• Assumption for this lecture only: The
population is normally distributed.

• Notation: We say Yi ∼ N
(
µ, σ2

)
.

The Sample Mean

• Statistic we’ll study: The sample mean

Y :=
1

n
(Y1 + · · ·+ Yn).
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• Theorem: Suppose Yi ∼ N (µ, σ2). Then

Y ∼ N

(
µ,
σ2

n

)
.

• That is, Y is normally distributed with

mean µ and variance
σ2

n
.

Standard Normal Distribution

Converting to Standard Normal

• Recall: If Y is normal, then

Z :=
Y −mean

standard deviation

is standard normal, that is, Z ∼ N(0, 1).
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• Corollary to Theorem:

Z :=

√
n
(
Y − µ

)
σ

∼ N(0, 1)

• So we can use charts to find probabilities for
Z and then work back to find them for Y .

Example I

Heights of students are normally distributed with
a standard deviation of 4 inches. You measure the
heights of 9 students. What is the probability that
their mean is within 2 inches of the (unknown)
global mean?

n = 9, µ = unknown, σ = 4. Z :=
3
(
Y − µ

)
4

is

standard normal.∣∣Y − µ∣∣ ≤ 2 iff

∣∣∣∣3 (Y − µ)

4

∣∣∣∣ ≤ 1.5

From the table on page 848, P (Z > 1.5) ≈ 0.0668.
[Graph the normal curve and shade the tail.]

P (Z < −1.5 or Z > 1.5) ≈ 2 ∗ 0.0668 = 0.1336

P (−1.5 ≤ Z ≤ 1.5) ≈ 1− 0.1336 = 0.8664 ≈ 87%
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Example II

Let Y1, . . . , Yn be i.i.d. variables, with Yi ∼
N
(
µ, σ2

)
. If σ2 = 64 and n = 36, find the

probability that Y is within one unit of µ. What
happens to this probability as n→∞?

Y − µ
σ2

n

=
Y − µ

8
6

=
3

4

(
Y − µ

)
∣∣Y − µ∣∣ ≤ 1 iff

3

4

∣∣Y − µ∣∣ ≤ 3

4

P ≈ 1− 2(0.2266) = 1− 0.4532 = 0.5468 ≈ 55%

This → 1 as n→∞.
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Example III

Students at a university have taken an average
of 70 units, with a standard deviation of 20
units. Assuming this distribution is normal, if you
sample 9 students, what is the chance that their
average unit total is between 67 and 73 units?
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We want P
(∣∣Y − µ∣∣ ≤ 3

)
. We know

Z :=

√
n
(
Y − µ

)
σ

∼ N(0, 1).

√
n = 3, σ = 20∣∣Y − µ∣∣ ≤ 3

3
∣∣Y − µ∣∣

20
≤ 3 · 3

20
= 0.45

P (Z > 0.45) = 0.3264

P (−0.45 < Z < 0.45) = 1− 2(0.3264) = 1− 0.6528 = 0.3472 ≈ 35%
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Example IV

Six samples are taken from a normally distributed
population with variance 0.67. What is the
probability that the sample mean will be within
0.5 units of the population mean?

We want P
(∣∣Y − µ∣∣ ≤ 0.5

)
. We know

Z :=

√
n
(
Y − µ

)
σ

∼ N(0, 1).

∣∣Y − µ∣∣ ≤ 0.5
√

6
∣∣Y − µ∣∣
√

0.67
≤
√

6 · 0.5√
0.67

=
√

9(0.5) =
3

2

P (Z > 1.5) = 0.0668

P (−1.5 < Z < 1.5) = 1− 2(0.0668) = 1− 0.1336 = 0.8664 ≈ 87%
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Example V

As in Example IV, we plan to sample a normally
distributed population with variance 0.67. We
want to ensure that our sample mean will be
within 0.5 units of the population mean with
probability 95%. How many samples should we
take?
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We want P
(∣∣Y − µ∣∣ ≤ 0.5

)
= 0.95. We know

Z :=

√
n
(
Y − µ

)
σ

∼ N(0, 1).

Draw the normal curve. We want 95% of the area
in the middle, so we want the outer area to be
1− 0.95

2
= 0.025. This corresponds by the chart

to Z = 1.96.∣∣Y − µ∣∣ ≤ 0.5∣∣∣∣∣
√
n
(
Y − µ

)
σ

∣∣∣∣∣ ≤ 0.5
√
n

σ

|Z| ≤ 0.5
√
n

σ

1.96 ≤ 0.5
√
n

σ
1.96σ

0.5
≤
√
n

3.92σ ≤
√
n

(3.92)
(√

0.67
)
≤
√
n

n ≥
[
(3.92)

(√
0.67

)]2
≈ 10.296

n = 11
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