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XXIII. Inhomogeneous systems: variation
of parameters

Lesson Overview

+ We want to solve the inhomogeneous system
x' = Ax + g(1).

« Find two solutions to the homogeneous
system X' = Ax using the methods of the
previous lectures:

» Then look for a single particular solution
Xpar to the inhomogeneous system as
follows.

Solutions by variation of parameters

« Guess xpar = u1 (£)xV 4+ uy (£)x®@.

« Write the homogeneous solutions into a
fundamental matrix:

JRCORNC)

T I(22)

Then (Zégg) = Tlg(t).

2

« Integrate to get u;(t) and wus(t), and then
plug into Xpar = ug (£)xW + ug(t)x?.
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General solution and matrix inversion

« Add the homogeneous solution and
particular solution to get the general
solution:

Xgen = c1xM + x® + xpar

« Hint for finding ¥~
a b\ 1 d —b
c d)  ad—bc\—c a

Example I

For the following inhomogeneous system, solve the
corresponding homogeneous system and find the
fundamental matrix:

i (t) = w(t) +ao(t) +e ¥
ry(t) = dxi(t) — 224(t) — 26

x = (le _12) X=—=r=2-3v= (1) , <_41)
XhOm = C1 (i) €2t + Co <_41) 6731e

v o o2t =3t
621& 46_3t

Example 11
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Solve the inhomogeneous system:

zy(t) = @(t) +wa(t) + e
rh(t) = 4dxy(t) — 224(t) — 2€'

Xhom = |C1 G) e + ¢ <_41) e

o2t Bt
U = det = He~t
o2 gt { oe }
4 -2t 1_-92t
\Ifil . 56 56
S S U T .7
5 5
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Xpar = Yu

<62t _63t) (—%e‘“ + %et)

= 2t —3t 1l 1 a4t

et 4de =€ — 1€

B <_%62t+§€t+%€2t+1_106t)

= o\ 12t 2.t a2t 2t
€7+ ze—ze e
1 ¢ Note uncanny amounts of
5€ . .

= < 2 _Qt) cancellation as is var of par’s

wont.)

Xgen = Xpom T Xpar
_ LY o =1\ _3 % t 0\ _o
= 01(1)6 +02(4)e + 0 e 1 e

Example III

Find the eigenvalues and eigenvectors of the

following matrix:
2 =5
1 -2

Example IV

For the following inhomogeneous system, solve
the corresponding homogeneous system, find the
fundamental matrix, and invert the matrix:

ri(t) = 2x1(t) — 5ao(t) + cost
2h(t) = x1(t) — 2w5(t) +sint
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: (2 + z)

T =1 :> VvV =

1

(cost + isint) (2 —1i_ Z) N P— (2 Cosclz)s—tsm t) te (Cost + 2sin t)

sint
2cost —sint cost+ 2sint
Vo= < cost sint ) {det = —
vl —sint cost + 2sint
o cost sint — 2cost

Example V

Find a particular solution to the inhomogeneous
system:

zi(t) = 2x1(t) — baa(t) + cost
h(t) = w1(t) — 229(t) +sint

2cost —sint cost+ 2sint

Vo= ( cost sint ) {det = }
u/ — \I] lg

- —sint cost—+ 2sint cost

o cost sint—2cost/) \sint

28111 t .. 92 1— ot
- <1 — 2sintcos t) {Sm t= CQOS }
1 — cos 2t u := cost,du = —sintdt.
= <1  9dint cos t) [It’s much uglier if you use
u = sint.]

u - t— = sm 2t

o t —I— cos?t

B t— smtcost

o t + cos®t
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Xpar

Xpar

(
(
(
(

u

Example V

sint

2cost —sint cost+281nt)

< cost

t —sintcost
t 4+ cos®t

2cost —sint cost+ 2sint
sint

2t cost — tsint — 2sint cos?t + sin?t cost + tcost + 2t sint + cos® t + 2sint cos? t
tcost —sintcos®t + tsint 4 sint cos? ¢

cost

tcost +tsint

t —sintcost
t 4 cos?t

3tcost +tsint + [Sin2 tcost + cos® t})

3tcost +tsint + cost

tcost+1ts

int

)

il

Jcost+sint
cost +sint

)+

1
0

) cost

)

)



